Two analogues of the crank function are defined for overpartitions -the first residual crank and the second residual crank. This suggests an exploration of crank functions defined for overpartitions whose parts are divisible by an arbitrary d. We examine the positive moments of these crank functions while varying d and prove some inequalities.
Introduction
The partition crank function was originally developed by Andrews and Garvan [Gar88, AG88] with the goal of giving a combinatorial proof of Ramanujan's congruence [Ram21] p(11n + 6) ≡ 0 mod 11,
where Dyson's rank function was insufficient. For a partition λ, let ω(λ) denote the number of occurrences of 1 as a part in λ. The crank of λ is then defined as follows. If ω(λ) = 0, then cr(λ) is the largest part of λ. Otherwise, cr(λ) is equal to the number of parts of λ which exceed ω(λ), minus ω(λ). We use the common notation of |λ| for the sum of the parts of the partition λ and write λ ⊢ n if |λ| = n. Let M(m, n) denote the number of partitions λ ⊢ n with cr(λ) = m. which implies (1). The two-variable generating series for the cranks of partitions is given by 1
Here we use the q-Pochammer symbol,
From (2) we can observe that M(m, n) = M(−m, n).
(3)
The crank function has since been extended to the more general setting of overpartitions. An overpartition is a non-increasing sequence of positive integers λ = (n 1 , . . . , n k ) in which the first occurrence of any part may be overlined.
As an example, the overpartitions of 3 are
(3), (3), (2, 1), (2, 1), (2, 1), (2, 1), (1, 1, 1), (1, 1, 1), which includes the three ordinary partitions of 3. Corteel and Lovejoy [CL04] put forward overpartitions as a means to combinatorially interptet q-hypergeometric series. We extend the notations |λ| and λ ⊢ n to overpartitions. Let P and P denote the sets of partitions and overpartitions, respectively, and p(n) = #{λ ∈ P | λ ⊢ n}.
Two analogs of the crank function have been defined in work of Bringmann, Lovejoy and Osburn [BLO09] . To calculate the first residual crank of an overpartition λ, let λ ′ be the partition whose parts are the non-overlined parts of λ. We then define cr 1 (λ) := cr(λ ′ ). To calculate the second residual crank of the overpartition λ, let λ ′ instead be the partition whose parts are the non-overlined even parts of λ, divided by two. We then define cr 2 (λ) := cr(λ ′ ). As an example, cr 1 (4, 2, 1) = cr(4, 1) = 0 and cr 2 (4, 2, 1) = cr(2) = 2.
Let M[1] + k (n) and M[2] + k (n) denote the kth positive moments of these functions,
Here, we only sum over overpartitions whose crank is positive; otherwise, the moments would vanish for odd k. Larsen, Rust and Swisher [LRS14] have shown that for n > 1,
We extend this result both in the weight of the moment k, and the divisor d.
Theorem 1. For all d, k ≥ 1, Additionally, we give necessary and sufficient conditions on a related inequality.
Theorem 2. For all d, k ≥ 1,
with equality if and only if n < 2d.
The dth Residual Crank
We define the dth residual crank in the obvious manner. For an overpartition λ, first let λ ′ be the partition whose parts are the non-overlined parts of λ which are divisible by d. Then, divide all parts of λ ′ by d. We finally define cr d (λ) := cr(λ ′ ).
We first calculate some generating series. Let M[d](m, n) denote the number of overpartitions of n with dth residual crank m.
Proof of Lemma 1. By examining (2), we see that
generates the nonoverlined parts of λ which are divisible by d, with the exponent of z equal to cr d (λ). Simillarly,
generates the parts of λ which are not divisible by d, or are overlined. ♥
Let
Lemma 2. The generating series for M[d] + k (n) is given by 
Proof of Lemma 2. Let
Andrew, Chan, and Kim [ACK13] have expanded the positive moment generating series for the partition crank as
We see that
Lemma 3. For all k ≥ 0, the series h k (q) has nonnegative coefficients.
Proof. First we expand the Eulerian polynomial A k (q n ) and the series cofficients of
We write n = 2 t s, with s odd and t ≥ 0, in order to split the summation into its positive and a negative terms,
Our goal is now to match each negative term belonging to the quadruple summation to a positive term with the same exponent belonging to the triple summation. Fix i and s. We then define m ′ = m ′ (m, t) to be
It is easy to check that e i,s (m ′ , 0) = e i,s (m, t). For injectivity, if we have m ′ 1 = m ′ 2 , then it follows that 2 t 1 (2 t 1 s + 2i + 2m 1 + 1) = 2 t 2 (2 t 2 s + 2i + 2m 2 + 1).
Since the parenthetical terms are odd, then t 1 = t 2 . This in turn implies m 1 = m 2 . Therefore, the mapping (m, t) → (m ′ , 0) is injective.
Pairing summands in this way gives us
As m ′ > m, the term in braces is positive. Therefore h(q) has nonnegative coefficients. ♥ Theorem 1 follows as a corollary to Lemma 3. Recall, we seek to prove that for all d, k ≥ 1, Since
and p(n) is increasing, we have
where the sum is taken over non-negative values of i and j. If n < d, then no overpartition of n has parts which are divisible by d or d + 1, making both moments zero, and in particular, equal. Conversely, if both sums are equal, then we must have j = 0 as the only solution of (i + j) + dj = n, because p(i)b j < p(i + j)b j for j ≥ 1. This implies n < d. ♥
We now prove Theorem 2 for completenes. It is sufficient to show that M[d] 
For n ≥ 2d, consider the overpartition λ = (2d, 1, . . . , 1) ⊢ n. Since cr d (λ) = 2, we must have M[d](2, n) ≥ 1. We find that 
Further Study
Moments of the first and second residual cranks of overpartitions are known to have a relation to moments of the Dyson rank and M 2 -rank of overpartitions, as well as the smallest parts functions for overpartitions.
In particular, Bringmann, Lovejoy, and Osburn [BLO09] show that
We note that
can be shown using the same argument as in Larsen, Rust, and Swisher [LRS14] . Here, N[d] k (n) is the kth positive moment of the M d -rank of overpartitions, which is due to the second author [Mor19] . These rank moments have the following generating series n≥0 N[d] + k (n)q n = 2 (−q; q) ∞ (q; q) ∞ n≥1 (−1) n+1 q n 2 +dn A k (q dn ) (1 + q dn )(1 − q dn ) k .
It is natural to ask if there is a relation simillar to (6) involving a dth smallest parts function. However, the differences M[d] + 1 (n) − N[d] + 1 (n) fail to be nonnegative for d > 2, whereas we should expect spt[d](n) ≥ 0.
As part of this study, we would expect the generating series for M[d] 1 (n) and spt[d] to have quasimodular properties [BLO09] . This is presently being investigated by the second author and Aleksander Simonic.
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